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Inﬂation experiments on thin rubber-like balloons show a complex, history-dependent hysteretic behav-
ior, important for many technological applications. Typically, this is ascribed to the occurrence of damage
processes at the micro-scale level. The experimental pressure–strain and stress–strain responses [John-
son, M.A., Beatty, F.M., 1995. The Mullins effect in equibiaxial extension and its inﬂuence on the inﬂation
of a balloon. Int. J. Eng. Sci. 33(2), 223–245], suggest that for successive cyclic experiments also the occur-
rence of healing for previously damaged material may play a crucial role (see [Diani, J., Fayolle, B., Gilor-
mini, P., 2009. A review on the Mullins effect, Eur. Polym. J. 45, 601–612] and references therein). In this
work we apply a recently proposed, micro-structure-based model for damage and healing effects in rub-
ber-like materials to the inﬂation problem of a thin spherical balloon. The model, while keeping a com-
putational efﬁciency, is shown to be in a signiﬁcant qualitative agreement with the available
experimental results.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Theoretical and experimental analyses of the inﬂation of thin
balloons constitute a traditional subject of mechanics of materials.
In particular, inﬂation experiments represent a widely used tool for
the constitutive characterization of soft materials. Moreover, this
ﬁeld of research is of interest for several technological applications,
ranging from aerostatic balloons (Pagitz, 2007) and inﬂatable
structures (Tsunoda and Senbokuya, 2002), to pneumatic micro-
actuators and sensors (Yoda and Konishi, 2002). The theoretical
difﬁculties derive both from the typical shape-dependent instabil-
ity, pointed out by sudden shape and/or volume changes during
inﬂation (e.g.Alexander, 1971; Haughton, 1980; Pamplona et al.,
2004; Verron and Marckmann, 2003), and from the important role
played by damage and healing effects. A detailed description of
some of the main interesting effects observed during these exper-
iments can be found in (Beatty, 1987; Johnson and Beatty, 1995;
Múller, 2004).
In this paper, we apply a recent constitutive model (De Tomm-
asi et al., 2006; De Tommasi and Puglisi, 2007) for damage and
recross-linking processes in rubber-like materials to the study of
the inﬂation of thin spherical balloons. The model is based on a
prototypical scheme for the polymeric network which assumes ri-
gid particles (representing ﬁller, such as carbon black or silica
particles) connected by two kinds of links: elastic and breakable.
In order to model the material disorder, with polymeric chainsll rights reserved.
: +39 080 5963719.
ommasi), g.puglisi@poliba.itcharacterized by variable lengths, the breakable fraction is as-
signed by a distribution of links with different activation and
breaking thresholds. The remaining fraction is elastic and guaran-
tees a residual strength of the material also at damage saturation.
In (De Tommasi et al., 2008) it is shown that the material distribu-
tion properties play a crucial role on the evolution of damage,
delivering a criterion to describe the observed transition between
homogeneous and localized damage structures as well as between
ductile and fragile macroscopic responses. Here we consider the
three-dimensional extension of this prototypical scheme (see De
Tommasi et al., 2006; De Tommasi and Puglisi, 2007) that is based
on the assumption that at each material point of a continuum body
there exists a distribution of materials with variable activation and
breaking thresholds.
Another effect observed in rubber materials, important also in
the inﬂation problem, is represented by the so called healing effect
due to the recross-linking process of previously broken chains. In
the inﬂation experiments it is shed in evidence by the different
material behavior during the unloading–reloading cycles. In this
perspective, an extension of the constitutive model described
above was proposed in (D’Ambrosio et al., 2008), where the
authors assumed that during unloading a given fraction of broken
chains may reform. Here we propose an extension of this model
which accounts for more general breaking and recross-linking
behavior. We deduce a simple and compact analytic expression
for the resulting constitutive laws and we show that the model
keeps the numerical efﬁciency of the previous version.
The constitutive model is then applied to the case of a thin poly-
meric spherical balloon under cyclic loading processes of inﬂation
with controlled volume. In order to simplify the analytic computa-
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biaxial deformations, corresponding to spherically deformed con-
ﬁgurations. It is well known that, even in this special case,
geometric instabilities may occur (Ericksen, 1991; Múller, 2004)
and we describe the possible coupling with damage effects. Worth
noting, differently from previously proposed models, here we also
describe the recross-linking effect, which permits the description
of the internal hysteresis phenomenon. Finally, the mechanical
behavior of the deduced model is compared with the experimental
results reported in (Johnson and Beatty, 1995), obtaining a satisfac-
tory qualitative agreement.
The paper is organized as follows. After a general discussion of
the proposed constitutive model (Section 2) we study the case of
equibiaxial deformations in Section 3, where the recross-linking
effect is also discussed. In Section 4 we apply the model to the
balloon problem; ﬁnally, connections of our analytical and numer-
ical results with the experimental works of (Johnson and Beatty,
1995) are established and discussed.
2. Damage and healing in polymeric materials
In this section we brieﬂy recall our constitutive assumptions.
We refer the reader to (De Tommasi et al., 2006; De Tommasi
et al., 2008) for a more detailed discussion of the model with an
analysis of its predictability properties.
Let f : B0 3 X # x 2 B be the deformation of a body
B0; F :¼ rf the corresponding deformation gradient and B :¼ FFT
the left Cauchy-Green tensor. Assume that at each point X 2 B0
a fraction a 2 ð0; 1Þ (elastic matrix) of the amorphous material is
endowed with a hyperelastic, isotropic and incompressible behav-
ior, assigned in terms of an elastic energy density
ue ¼ ueðIðBÞ; IIðBÞÞ; ð2:1Þ
with IðBÞ :¼ trB and IIðBÞ :¼ trB1 the ﬁrst and second invariants of
B. The expression of the Cauchy stress in the elastic matrix is given
by
Te ¼ pIþ 2ue;1B 2ue;2B1; ð2:2Þ
where ue;1 and ue;2 denote the derivatives with respect to the ﬁrst
and second invariant, respectively, and p is the reactive stress main-
taining the incompressibility constraint.
The remaining fraction ð1 aÞ takes care of the activation,
breaking and recross-linking effects at the micro-scale level. Spe-
ciﬁcally, here we adopt an activation and a breaking criterion
based on an isotropic scalar function s of the two invariants of B,
so that the damageable material is respectively activated and bro-
ken when
sðI; IIÞ ¼ sa; sðI; IIÞ ¼ sb; ð2:3Þ
with s;I P 0 and s;II P 0 and sa and sb representing the activation
and breaking thresholds, respectively.
Moreover, to take care of micro-structure disorder, we assume
that the different activation and breaking events of thematerial par-
ticles at a given point of the body are regulated by a probability den-
sity function f ¼ f^ ðsa; sbÞ, which satisﬁes f^ ðsa; sbÞ P 0; f^ ðsa; sbÞ ¼ 0
for sa < s0 or sb 6 sa, where s0 is the value of s at the undeformed
state. The function f^ satisﬁes the normalization conditionZ 1
s0
Z sb
s0
f^ ðsa; sbÞdsa
 
dsb ¼ 1:
To describe the behavior of the material body B0, given a deforma-
tion history at X 2 B0, we denote by Fa and Fb the deformation gra-
dients corresponding to the activation and breaking states,
respectively. Thus, if Ba ¼ FaFTa and Bb ¼ FbFTb denote the corre-
sponding Cauchy-Green tensors, we have sðIðBaÞ; IIðBaÞÞ ¼ sa andsðIðBbÞ; IIðBbÞÞ ¼ sb. We then assume that the response of the dam-
ageable fraction of the material depends on the deformation gradi-
ent measured from the activation state Fa; on setting for the
deformation measures from the activation state
bF :¼ FF1a ; bB :¼ bFbFT ; bI ¼ IðbBÞ; bII ¼ IIðbBÞ; ð2:4Þ
the response of the damageable part of the material may be given in
terms of an energy density ud deﬁned as follows:
ud :¼
0 for sðI; IIÞ < sa
udðbI; bIIÞ for sa 6 sðI; IIÞ  sb
udðbIb; bIIbÞ for sðI; IIÞ > sb
8><
>: ; ð2:5Þ
where bIb and bIIb are the invariants of the relative Cauchy-Green
strain bBb at the rupture. Hence, the arising expression of the Cauchy
stress in the damageable material is given by
Td :¼
0 for sðI; IIÞ < sa
2ud;1bB  2ud;2bB1 for sa 6 sðI; IIÞ 6 sb
0 for sðI; IIÞ > sb
8><
>: ;
where ud;1 ¼ @ud@bI ; ud;2 ¼ @ud@bII .
In (De Tommasi et al., 2006) the values of sa and sb are consid-
ered to be locally regulated by a general probability density
f ¼ f^ ðsa; sbÞ. There the authors show also the predictability of the
model by describing simple cyclic uniaxial loading histories that
allow to determine the probability function f^ . Moreover, they pro-
pose the simpliﬁed assumption that the elastic range D ¼ sb  sa of
breakable material is constant, which leads to a one parameter dis-
tribution. Here we take into consideration a slight generalization of
this assumption by assuming a more general dependence
sb ¼ s^bðsaÞ ð2:6Þ
with ds^bðsaÞdsa > 0. By this invertibility assumption, we may introduce
the new function
s‘ ¼ s^‘ðsÞ ¼ s^1b ðsÞ: ð2:7Þ
By this function we may obtain the value of the activation threshold
ðsa ¼ s‘ðsÞÞ of the material that breaks at s ¼ sb. This position allows
us to reduce to a one parameter distribution function
f ðsaÞ :¼ f^ ðsa; s^bðsaÞÞ:
In what follows we evaluate the material response of our body un-
der a generic deformation history. We take into consideration two
cases: irreversible damage, when no healing effect is considered,
and reversible damage, with the healing effect considered.
2.1. Irreversible damage
First, we analyze a system characterized by irreversible damage,
without healing effect. Consider a strain history F ¼ FðtÞ and the
associated history of the parameter s, deﬁned as sðtÞ ¼ sðFðtÞÞ.
Correspondingly we may deﬁne the history of the maximum past
value of s : sMðtÞ ¼maxs6tsðFðtÞÞ. Firstly, we notice that given
s ¼ sðtÞ, according with Eq. (2.3)1 the activated material veriﬁes
sa 6 sðtÞ. Secondly, we observe that in view of Eq. (2.3)2 all the
damageable material with sb < sMðtÞ is broken. Granted the invert-
ibility of s^b in Eq. (2.6), this breaking condition can be recast in
terms of sa, so that the material verifying
sa < sf ðtÞ :¼ s^1b ðsMðtÞÞ ð2:8Þ
must be broken. Here we have introduced a new state function
sf ¼ sf ðtÞ, whose physical meaning is the value of the activation
threshold sa for the last broken material. This material breaks at
an instant t 6 t such that sðtÞ ¼ sMðtÞ. Moreover, we may assume
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the possibility that part of the material may undergo breaking be-
fore the breaking threshold is reached (i.e. material characterized
by sb > sMðtÞ) can be shown to be energetically unfavorable (see
De Tommasi et al., 2008).
The described damage strategy of the amorphous rubberlike
material is sketched in Fig. 1(b), where the construction of the
curves sf ðtÞ and s‘ðtÞ is represented for a typical strain history
s ¼ sðtÞ. The construction of the corresponding decomposition of
active and broken material in the probability space is shown in
Fig. 1(a).
As a result, the fraction of activated, non-broken material at a
given instant of time t is equal to
ð1 aÞHðsðtÞ  sf ðtÞÞ
Z sðtÞ
sf ðtÞ
f ðsaÞdsa ð2:9Þ
whereH is the Heaviside function. Consequently, the stress can be
expressed as
TðtÞ ¼ aTeðBðtÞÞ þ ð1 aÞHðsðtÞ  sf ðtÞÞ
Z sðtÞ
sf ðtÞ
f ðsaÞTdðbBðtÞÞdsa:2.2. Reversible damage
In this section we extend the introduced model to consider the
effect of healing (see Diani et al., 2009). Our main phenomenolog-
ical assumption is that a ﬁxed fraction ðk < 1Þ of previously broken
material is healed as soon as it returns to its activation threshold.
This fraction of material contributes to successive reloading until
its breaking threshold is reached again.
The resulting material behavior can be described by introducing
a second internal variable, namely sh ¼ shðtÞ, which divides the
fraction of material broken during previous cycles ðsa < sf ðtÞÞ into
a ﬁrst subfraction of fully broken material, assigned as
sa < shðtÞ ð2:10Þ
and a second part of partially healed material
shðtÞ 6 sa 6 sf ðtÞ: ð2:11Þ
Of course, the knowledge of the state function shðtÞ depends on the
function s‘ðtÞ deﬁned above, whereas the fraction of fully broken
material is given again by Eq. (2.8) as sa < sf ðtÞ.
The evolution of the state function shðtÞ can be explained via a
consistent thermodynamical approach (De Tommasi et al., (Forth-
coming-b)). Here for the sake of simplicity, we show how sh can be
deduced on the basis of a typical, cyclic loading history (see Fig. 2).
First, we observe that during the primary loading path o a,
since _sðtÞ > 0, healing does not take place: in this range, accordingFig. 1. Irreversible damage – (b) represents a typical evolution of the state functions
sf ðtÞ ¼ s^1b ðsMðtÞÞ and s‘ðtÞ ¼ s^1b ðsðtÞÞ for a cyclic evolution of the strain parameter
s ¼ sðtÞ (different curves are intended to coincide when overlapping) and (a) shows
the probability density function f ðsaÞ at a given instant of time t: the domains 1 and 2
respectively denote the fraction of active and broken material.to the intervals deﬁned in Eq. (2.11), it results shðtÞ  sf ðtÞ (curve
A B), i.e. the whole broken material is not healed.
During the unloading path a b there is no healing, because all
the previously broken material, verifying sa < sf ðtÞ ¼ shðtÞ, does not
return to the activation threshold. Upon reloading, new material
breaks when (point C) the maximum previously attained strain is
overcome. Thus, the function sh remains constant up to C, and then
it grows again after C, with shðtÞ  sf ðtÞ (curve C  D).
If the strain decreases (path c  d), healing starts when part of
the previously broken material reaches the activation threshold
sa. In Fig. 2 this event ﬁrst happens at the point E, where sðtÞ
reaches sf ðtÞ. Since, according with our constitutive assumptions,
the material with sa < sðtÞ is healed, during the unloading path
E F it results shðtÞ ¼ sðtÞ.
After F the strain is increased again, with _sðtÞ > 0. Upon reload-
ing the healing process cannot continue; on the other side, the
healed material does not break until it reaches again its breaking
threshold. For these reasons, during the path F  G the value of sh
remains constant and equal to its value attained at F. Then, starting
from G, when shðtÞ  s‘ðtÞ, all the material with sb < sðtÞ, i.e.
sa < s‘ðtÞ, undergoes again breakage. For this reason, during the
path G H it results shðtÞ ¼ sðtÞ.
Similar arguments can be applied to the unloading e f and
after the point I the healing process starts again so that during
the following unloading path I  L it results shðtÞ ¼ sðtÞ.
We remark that, according with the previous analysis, the func-
tion sh veriﬁes
s‘ðsðtÞÞ 6 shðtÞ 6 sðtÞ ð2:12Þ
and it changes its value only when one of the bounds is reached. In
particular, upon loading we have breaking when s‘ðsðtÞÞ ¼ shðtÞ and
new (healed or never broken) material starts breaking. Upon
unloading we have healing when sðtÞ ¼ shðtÞ and a fraction k of pre-
viously broken material starts healing. This can be recast in a Kuhn–
Tucker type formalism, by setting
G :¼ ðs‘  shÞðs shÞ
and by assuming the following incremental relations:
G 6 0; G_sh ¼ 0; _G_sh ¼ 0:
Thus, starting with a loading branch from the reference conﬁgura-
tion, when shð0Þ ¼ sf ð0Þ ¼ s‘ð0Þ, the state function shðtÞ increases if
it is ‘touched’ from below by an increasing value of s‘ðtÞ, decreases
if it is ‘touched’ from above by a decreasing value of sðtÞ, and it is
constant if none of these extremals ‘touch’ the current value of
shðtÞ. These and further results are contained in a forthcoming paper
where the more general case of amorphous materials with two
parameters distribution are analyzed in a more rigorous thermody-
namical setting (De Tommasi et al., (Forthcoming-b)).
Conclusively, one can deduce that the fraction of fully active
material is given again by Eq. (2.9), whereas a compact expression
of the fractions of healed, active and non re-broken material are
given by
kð1 aÞHðsu  shÞ
Z su
sh
f ðsaÞdsa:
Here, for convenience, we have introduced the new function
suðtÞ ¼minðsðtÞ; sf ðtÞÞ: ð2:13Þ
This function let us distinguish between the two following cases: if
sðtÞ < sf ðtÞ (see the distribution at t ¼ t in Fig. 2) the only active
material is represented by healed material; on the other side, if
sðtÞ > sf ðtÞ (see the distribution at t ¼ t in Fig. 2), the active material
is partitioned in healed material ðsa 2 ðshðtÞ; sf ðtÞÞÞ and in fully ac-
tive material ðsa 2 ðsf ðtÞ; sðtÞÞÞ.
Fig. 2. Reversible damage – (b) we represent the evolution of the state function sh and in (a) the distribution of material in correspondence of the time t and t. We denote by 1
the fraction of fully active material, by 2 the fraction of broken material, by 3 the fraction of non-active, healed material, by 4 the fraction of active, healed material.
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damage and healing can be recast in a compact expression as
TðtÞ ¼ aTeðtÞ þ ð1 aÞHðsðtÞ  sf ðtÞ
Z sðtÞ
sf ðtÞ
f ðsaÞTdðbBðtÞÞdsa
þ kð1 aÞHðsðtÞ  shðtÞÞ
Z suðtÞ
shðtÞ
f ðsaÞTdðbBðtÞÞdsa: ð2:14Þ3. Equibiaxial deformations
With the aim of describing the experiments of inﬂation of thin
rubber balloons, in this section we consider the mechanical behav-
ior of an incompressible sheet subjected to equibiaxial, isochoric
deformations.
Let fe1; e2; e3g be an orthonormal basis with e1 and e2 parallel
to the sheet mid-surface, and consider an isochoric deformation
with gradient
F ¼ ke1  e1 þ ke2  e2 þ k2e3  e3:
If the deformation gradient at the activation state (see Eq. (2.3)a is
given by
Fa ¼ kae1  e1 þ kae2  e2 þ k2a e3  e3;
in view of Eq. (2.4) the relative deformation gradient is
F^ ¼ k^e1  e1 þ k^e2  e2 þ k^2e3  e3;
where k^ :¼ kk1a is the stretch measured from the activation state.
To ﬁx the ideas, we restrict our attention to a Neo-Hookean type
damageable material, when the energy in Eq. (2.5) takes the form
~udðbI; bIIÞ ¼ ldðbI  3Þ; ð3:1Þ
where ld is an elastic modulus.
Correspondingly, we may consider an (energy type) form for the
activation and breaking criterions given in Eqs. (2.3) by assuming
sðI; IIÞ ¼ I: ð3:2Þ
With these positions, (2.14) can be rewritten as
T ¼ aTe þ ð1 aÞHðI  If Þ
Z I
If
f ðIaÞTdðbBÞdIa
þ kð1 aÞHðIu  IhÞ
Z Iu
Ih
f ðIaÞTdðbBÞdIa; ð3:3Þ
where Ia; Ib; Ih; If , are deduced by Eq. (3.2) from the corresponding
values of sa; sb; sh; sf , respectively, and where, according with Eq.
(2.13)
Iu :¼minðI; If Þ:Once again, we observe that the behavior of a system without heal-
ing can be simply deduced by setting k ¼ 0 in Eq. (3.3).
For what concerns the elastic matrix, we consider an Ogden
material with an elastic energy density
ue ¼
X3
m¼1
lmðkam1 þ kam2 þ kam3  3Þ=am; ð3:4Þ
where kiði ¼ 1; 2; 3Þ are the eigenvalues of V :¼
ﬃﬃﬃ
B
p
and lm and am
are material constants. The associated stress, accounting for the
incompressibility constraint
detF ¼ 1;
is given by
Te :¼ pIþ ðdetFÞ1@FueFT ¼ pIþ kk
@ue
@kk
 
ek  ek: ð3:5Þ
As a result, based on Eq. (2.14), a direct computation shows that
T33 ¼ Te3  e3
¼ a½l1k2a1 þ l2k2a2 þ l3k2a3  p þ ð1 aÞ½ldHðk kf Þ

Z k
kf
f ðkaÞk4k4a dka þ kð1 aÞ½ldHðku  khÞ

Z ku
kh
f ðkaÞk4k4a dka ð3:6Þ
where ka; kf ; kh can be deduced by the corresponding values of
Ia; Ib; If ; Ih by the relation I ¼ 2k2 þ k4, (invertible for k > 1) and
where we introduced the new function
f ðkaÞ :¼ dIadka f ðIðkaÞÞ ¼ 4ðka  k
5
a Þf ð2k2a þ k4a Þ:
On imposing the condition T33 ¼ 0, corresponding to the assump-
tion of null forces on the upper and lower faces of the sheet, we de-
duce the pressure p which, substituted in the expression of the in-
plane components of the Cauchy stress, yields
T :¼ T11 ¼ T22
¼ a½l1ðka1  k2a1 Þ þ l2ðka2  k2a2 Þ þ l3ðka3  k2a3 Þ
þ ð1 aÞldHðk kf Þ
Z k
kf
f ðkaÞðk2k2a  k4k4aÞdka
þ kð1 aÞldHðku  khÞ
Z ku
kh
f ðkaÞðk2k2a  k4k4aÞdka: ð3:7Þ4. Inﬂation of rubber balloons with damage and healing
In this section we show the feasibility of the model in describ-
ing the main experimental effects observed during the inﬂation of
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reported in (Johnson and Beatty, 1995) and reproduced in Fig. 3.
Our main hypothesis consists in considering (plane) conformal
deformations, which yields to the case of equibiaxial deformations
studied in the previous section. It should be remarked that by this
assumption we neglect the possible occurrence of asphericity in
initially spherical balloons: sometimes this is not the case, since
the transition from spherical to aspherical shapes in inﬂated bal-
loons has been documented (e.g. Needleman, 1977 and references
therein). Here we neglect for analytical simplicity this effect (see
(De Tommasi et al., Forthcoming-a) for the more general case)
and we focus on the important role of damage and healing in the
stability problem.
Denoting by h0 the constant reference thickness and by h the
current thickness of the sheet, it results
h ¼ k2h0:
The equilibrium of a spherical surface under the action of an inter-
nal pressure p is established by the celebrated Laplace formula:
pr0
2h0
¼ Tk3; ð4:1Þ
where r0 is the reference radius of the sphere.
In order to describe the behavior of our model, we begin by con-
sidering its mechanical response in the simple case when the heal-
ing effect is not considered and a distribution of damageable
material with constant elastic range is analyzed. Thus, in this case,
Eq. (2.6) can be rewritten as
kb ¼ ka þ D; ð4:2Þ
where D > 0 is the constant size of elastic behavior.
Moreover, we suppose that the damageable material is assigned
by a beta-type distribution corresponding to a probability function
f ðkaÞ ¼ ðc1  ka  1Þ
c21ðka  1Þc31
d
: ð4:3Þ
We remark that this constitutive choice, as well as the assumption
of Eq. (3.4), has simply a role in the qualitative reproduction of the
experiments. An accurate quantitative description would require
the explicit determination of such constitutive functions that can
be obtained, as shown in (De Tommasi et al., 2006) by simple cyclic
uniaxial experiments.
In Fig. 4(a) and (b) we show the pressure–strain (Eq. (4.1)) and
the engineering stress–strain curves ðr ¼ TðkÞ=kÞ for the resulting
system. For monotonic inﬂating experiments of controlled volume,
starting from a virgin balloon, with no previous damage, theFig. 3. Experimental behavior of rubber balloons (reproduced from (Johnson and Beatty, 1
loadings of increasing size. The curves have been marked as thick, continuous, and dashsystem follows the so called primary loading curve (path O-A-B-
D-F-H). The initial hardening (path O-A) is due to an increasing
fraction of active damageable material. After the maximum is
reached, we have a damage-induced softening (path A-B-D-F), pro-
duced by an activation rate lower than the breaking one. Finally,
the ﬁnal recovery of material strength is due to the hardening ef-
fect of the elastic matrix, prevailing on the softening effect when
most damageable material is already broken (see De Tommasi
et al., 2008 and references therein).
Consider now cyclic inﬂation experiments. If the balloon is un-
loaded (path B-C-O), it follows a different path with respect to the
primary loading because, due to the damage effect, both pressure
and stress are lower than the corresponding values of the primary
loading curves. This softening behavior, observed in rubber mate-
rials, is known in the literature as Mullins effect. At low values of
the stress (path C-O), according with Eq. (3.7), the response is
due to the only elastic fraction, because k ¼ 0 and k < kf . If the bal-
loon is inﬂated again, in the case when no healing effect is consid-
ered, the system follows the same path of unloading (path O-C-B)
with an elastic (unloading–reloading) behavior. As a consequence
the system does not show internal hysteresis cycle. This behavior
is known as ‘‘ideal Mullins effect” and it is the case considered also
in (Johnson and Beatty, 1995). When the previous maximum strain
is reached, the curves reconnect to the primary loading curves. If
the volume of the balloon is increased more, then the system fol-
lows again the primary loading curve. Similar behavior is obtained
if the system is unloaded again (path D-E-O, path F-G-C-O), with an
increasing softening due to the increasing damage. All unloading
paths are connected to the primary loading curve and to the purely
elastic curve (O-C-E-G-H) representing the behavior of the elastic
matrix.
The described behavior is in accordance with the experimental
behavior reported in Fig. 3, showing that the pressure required
for the second inﬂation is lower than the one of the primary inﬂa-
tion. This effect is known as preconditioning effect and leads to
softer balloons upon successive inﬂations. In the ﬁgure, the
parameters regulating the response of the elastic matrix in Eq.
(3.4) have been chosen to reproduce the purely elastic curves.
In particular, the modulus lb in Eq. (3.7) and the probability func-
tion in Eq. (4.3) have been chosen to reproduce the primary load-
ing curve.
According with previous theoretical analyses observe that the
pressure–strain curves can be characterized by a negative sloped
branch. This can be connected to the instability behavior, experi-
mentally observed in the inﬂation of rubber balloons (see e.g Erick-
sen, 1991). Our model shows the importance of damage in this995)): pressure–strain curve (a) and engineering stress–strain curve (b) under cyclic
ed for a comparison with our corresponding curves, reported in Fig. 4.
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Fig. 4. Pressure–strain and engineering stress–strain curves obtained by means of the model under cyclic inﬂation experiments. Here we considered an Ogden type elastic
matrix (Eq. (3.4)) with a1 ¼ 2:3; a2 ¼ 10; a3 ¼ 1:5; l1 ¼ 8; l2 ¼ 5  104; l3 ¼ 1 and a Neo-Hookean damageable material (Eq. (3.1)) with ld ¼ 103. The distribution of
damageable material is assigned through a probability density (Eq. (4.3)) with c1 ¼ c2 ¼ 20; c3 ¼ 1:2. In (a) and (b) we considered a percentage a ¼ 0:5 of elastic matrix in the
hypothesis of a constant elastic range as in Eq. (4.2) with D ¼ 0:5. In (c), (d), (e) and (f) we considered a percentage a ¼ 0:2 and the case of a linear variation of the elastic range
as in Eq. (4.4) with D0 ¼ 0:2 and m ¼ 0:6. Finally, in (a), (b), (c) and (d) we neglect healing (i.e. we assume k ¼ 0) and in (e), (f) we consider the healing effect and we assume
that a fraction k ¼ 0:35 of broken material reforms upon unloading.
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ticular, in accordance with the experiments, we obtain that this ef-
fect decreases with preconditioning (e.g. compare the primary
loading curve with the purely elastic curve followed by the system
after preconditioning up to the strain at H in Fig. 4). More details
and a theoretical discussion of this and other instability effects,
coupled with damage, can be found in the forthcoming paper (De
Tommasi et al., Forthcoming-a).We point out that our numerical experiments in Fig. 4(a) and (b)
lead, differently from the experiments of Johnson and Beatty, to a
coalescence of the loading–unloading curves at bigger values of
the strain ðk > 3:5Þ. A better qualitative agreement with the exper-
iments can be obtained by removing the hypothesis of a distribu-
tion of damageable material with constant elastic range. In
Fig. 4(c) and (d) we consider the hypothesis of an elastic range lin-
early increasing with the activation strain, by assuming
D. De Tommasi et al. / International Journal of Solids and Structures 46 (2009) 3999–4005 4005kb ¼ ka þ D0 þmka ð4:4Þ
with m > 0 a constant parameter.
Finally, in Fig. 4(e) and (f) we consider the important effect of
healing (see e.g. (D’Ambrosio et al., 2008; Jiusheng, 2009)). In this
case, our model (Section 2.2) reproduces the experimental evi-
dence of internal hysteresis loops with different unloading–reload-
ing paths. Here, for simplicity, we consider, as in Eq. (3.7), the
hypothesis of a ﬁxed percentage of broken material that reforms
upon unloading; however, by means of the proposed constitutive
model, more detailed analyses could be performed. The model
shows a good qualitative agreement with the experimental results
and gives a micro-mechanical interpretation of the macroscopic
mechanical response of the balloon under repeated inﬂations with
increasing size. As described in (De Tommasi et al., 2006), the
model here proposed is predictive, in the sense that through sim-
ple experimental analyses it is possible to deduce the probability
density properties of the material. This will hopefully lead to a
quantitative description of the experimental behavior.
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